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LOCALIZED CHERN CHARACTERS FOR 2-PERIODIC
COMPLEXES
BUMSIG KIM AND JEONGSEOK OH
Abstract. For a two-periodic complex of vector bundles, Polishchuk
and Vaintrob have constructed its localized Chern character. We explore
some basic properties of this localized Chern character. In particular, we
show that the cosection localization defined by Kiem and Li is equivalent
to a localized Chern character operation for the associated two-periodic
Koszul complex, strengthening a work of Chang, Li, and Li. We apply
this equivalence to the comparison of virtual classes of moduli of ε-stable
quasimaps and moduli of the corresponding LG ε-stable quasimaps, in
full generality.
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1. Localized Chern Characters
Fix a base field k. Let Y be a finite type Deligne-Mumford stack over k
and let X
i
ÝÑ Y be the inclusion of a closed substack X of Y . Let E‚ be a
2-periodic complex of vector bundles, which is exact off X:
r E´
d´ //
E`
d`
oo s “ ...
d`
ÝÝÑ E´
d´
ÝÝÑ E`
d`
ÝÝÑ E´
d´
ÝÝÑ ...
E` is in even degree and E´ is in odd degree. Suppose that Ker d´ and
Ker d` restricted to Y ´X are vector bundles.
Polishchuck and Vaintrob [19] define a bivariant class
chYXpE‚q P A˚pX
i
ÝÑ Y qQ
generalizing the localized Chern characters developed in Baum, Fulton, and
MacPherson [1]. For each rV s P A˚pY qQ, this assigns a class
chYXpE‚q X rV s P A˚pXqQ
whose image in A˚pY qQ is chpE`q X rV s ´ chpE´q X rV s.
1
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Polishchuck and Vaintrob [19] use a localized Chern character to define
Witten’s top Chern class. This is a particular case of pure Landau-Ginzburg
sides in gauged linear sigma model. H.-L. Chang, J. Li and W.-P. Li also
define Witten’s top Chern class via cosection localization. They show that
both constructions coincide; see [4, Proposition 5.10]. It turns out to be
a special case of the equivalence that a cosection localization of Kiem-Li
[13] is the localized Chern character for the associated 2-periodic Koszul
complex. We prove the equivalence; see Theorem 2.6. This equivalence will
be applied to the comparison of virtual classes in §3. Also by this approach,
we may define the virtual structure sheaves and study the comparisons of
those defined by [15] and [14], respectively. This will be left to [18].
Let V1 be a vector space with the standard diagonal action by the multi-
plicative group Gm so that PV1 “ rV1´t0u{Gms, the space of 1-dimensional
subspaces of V1, and let V2 be a Gm-space. Consider a Gm-invariant element
w of pSymV _1 q b V
_
2 . Let E “ rpV1 ´ t0u ˆ V2q{Gms be a vector bundle
on PV1. E has a cosection associated to w. This cosection amounts to a
regular function w : |E| Ñ A1 which is linear in fiber coordinates of the
total space |E| of E. H.-L. Chang and J. Li [3] introduce a moduli space
LGQ8g pE, dq
1 of genus g, degree d, stable maps to a complex projective space
PV1 with p-fields and construct a cosection dwLGQ1 of the obstruction sheaf
and a virtual class via cosection localization. This is a particular case of
geometric sides in gauged linear sigma model. Let Zpdwq Ă |E| denote the
critical locus of w. When E is OP4p´5q with Zpdwq a smooth quintic hyper-
surface, they show that for d ‰ 0, degrLGQ8g pE, dq
1svirdwLGQ1
coincides with,
up to sign, the degree degrQ8g pZpdwq, dqs
vir of the virtual class of moduli
space Q8g pZpdwq, dq of genus g, degree d, stable maps to the quintic. We
prove its generalization that for any geometric gauged linear sigma model
pV “ V1 ‘ V2, G,wq and any positive rational number ε, the cosection lo-
calized virtual class of moduli space LGQεg,kpV {G, dq
1 of ε-stable quasimaps
to V1{G with p-fields coincides, up to sign, with the virtual class of moduli
space Qεg,kpZpdwq, dq of ε-stable quasimaps to Zpdwq; see Theorem 3.2.
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2. Koszul Complexes
2.1. Definition. We recall the definition of localized Chern characters for
a 2-period complex; see [19]. For a cycle j : V Ñ Y defined by an integral
closed substack of Y (see Gillet [12] and Vistoli [20] for the definition of the
Chow group ApY qQ of Y with rational coefficients), we may let
chYXpE‚q X rV s “ j
1
˚pch
V
VˆYXpj
˚E‚q X rV sq,
where j1 : V ˆY X Ñ X be the induced inclusion. Hence, it is enough to
define the localized Chern character with assumption that V “ Y and Y is
irreducible. When X “ Y , we define chYXpE‚q “ chpE`q ´ chpE´q.
When X ‰ Y , we consider a graph construction for the homomorphism
pd`, d´q as follows. Let r be the rank of E`. Note that the rank of E´ is
also r. Denote by G the Grassmann bundle GrrpE` ‘ E´q of r-planes in
E` ‘ E´. Consider the projection
pi : GˆY Gˆ A
1 Ñ Y ˆ A1
and an its section
ϕ : Y ˆ A1 Ñ GˆY Gˆ A
1
py, λq ÞÑ pgraphpλd`pyqq, graphpλd´pyqq.
Let Γ be the closure of ϕpY ˆ A1q in GˆY Gˆ P
1. Let
i8 : GˆY Gˆ t8u ãÑ GˆY Gˆ P
1
be the inclusion. There is a distinguished component Γ8,dist of Γ8 :“ i
˚
8rΓs
which birationally projects to Y . Note that Γ8,dist restricted to pi
´1pY ´Xq
is
pKer d`|Y´X ,Ker d´|Y´Xq ˆY pKer d`|Y´X ,Ker d´|Y´Xq.
The remained components project into X. Let ξ`, ξ´ be tautological sub-
bundles on G ˆY G ˆ P
1 from each component G. Note that ξ|Γ8,dist “ 0.
Define
chYXpE‚q X rY s “ η˚pchpξq X pΓ8 ´ Γ8,distqq,
where η is the restriction of the projection GˆY G Ñ Y to the inverse image
of X under the projection.
It is clear from the definition that i˚ch
Y
XpE‚q “ chpE`q ´ chpE´q.
2.2. Koszul Complex. Koszul complexes yield ample examples of 2-periodic
complexes. Let E be a vector bundle on Y with sections α P H0pY,E_q,
β P H0pY,Eq such that xα, βy “ 0:
OY
β
ÝÑ E
α
ÝÑ OY .
Let tα, βu denote the 2-periodic complex
‘k
Ź2k´1E_
^α`ιβ //
‘k
Ź2k E_
^α`ιβ
oo
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of vector bundles. Here ιβ is the interior product by β. Let Zpα, βq :“
Zpαq XZpβq be the zero substack of Y defined by the ideal sheaf generated
by Impαq and Impβ_q. The complex is exact off X :“ Zpα, βq and the
kernels restricted to Y ´X are vector bundles. The latter follows from that
locally Kerd˘ is direct summand of E˘; see [7, Proposition 2.3.3] and its
proof. This can be regarded as a refined version of the usual Koszul complex
given only by β.
It will be useful to note that
tα, βu “ tβ_, α_u b p
rankEľ
E_qrrankEs(2.1)
due to the duality of wedge product and interior product.
2.3. Tautological Koszul complex. Let M be a DM stack and F be a
vector bundle on M . Let σ P H0pM,F_q, which gives a regular function on
the total space |F | of F :
wσ : |F | Ñ A
1.
Denote by p the projection |F | Ñ M . Then there is a tautological section
tF P H
0p|F |, p˚F q such that xp˚σ, tF y “ wσ. We obtain a matrix factoriza-
tion tp˚σ, tF u for wσ. It becomes a 2-periodic complex when it is restricted
to the zero locus Zpwσq of wσ.
Starting from the setup in §2.2, we can build the tautological one by
letting M “ Zpβq, F “ E|Zpβq, σ “ α|Zpβq. Note that Zpσq “ X. Let
CVXZpβqV denote the normal cone to V XZpβq in V . It is naturally a closed
substack of F .
Lemma 2.1. For each integral substack V of Y with nonempty V X Zpβq,
chYXptα, βuq X rV s “ ch
Zpwσq
Zpσq ptp
˚σ, tF uq X rCV XZpβqV s.
Proof. By the restriction, we may assume that Y “ V . Now the statement
follows from the deformation of Y to the normal cone CZpβqY Ă F . That
is, first consider the graph Γβ of a section λβ of F ˆ A
1 on Y ˆ A1 and its
closure Γβ in F ˆ P
1, whose fiber at 8 P P1 is CZpβqY . If p˜ denotes the
projection of F ˆP1 to Y , then the vector bundle p˜˚F |Γβ with the diagonal
section and p˜˚α realizes the deformation of F with β, α to pp˚F q|CZpβqY with
tF , p
˚σ. 
Let j : X ãÑ Zpβq be the inclusion. Then the following corollary shows
that chYXtα, βuXrY s after pushforward by j is nothing but the localized top
Chern class of E up to Todd correction.
Corollary 2.2. For arbitrary section β : Y Ñ E,
j˚pch
Y
Xptα, βuq X rV sq “ ptdE|Zpβqq
´1 ¨ 0!E|ZpβqprCVXZpβqV sq
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where V is an integral substack V of Y with V X Zpβq ‰ H. Furthermore
if β is regular, then
j˚ch
Y
Xptα, βuq “ ptdE|Zpβqq
´1 ¨ i!Zpβq
where iZpβq denotes the regular immersion of Zpβq in Y .
Proof. Apply Lemma 2.1 and then deform p˚σ Ñ 0. Now Proposition 2.3
(vi) of [19] completes the proof. 
Let V be an integral substack of Y . For the pair pE|V , βq, there is the
notion of the localized top Chern class of E with respect to β; see [11, §14.1].
It is by definition 0!
E|Zpβq
prCVXZpβqV sq P A˚pZpβqqQ. This eventually yields
a bivariant class in ApZpβq Ñ Y qQ, which we call the localized top Chern
class operation of E with respect to β.
Corollary 2.3. The class tdpE|Zpβqq¨ch
Y
Zpβqpt0, βuq agrees with the localized
top Chern class operation of E with respect to β.
2.4. Splitting Principle. The splitting principle shows that essentially lo-
calized Chern character operation for a 2-periodic Koszul complex is a com-
position of localized top Chern class operations, one given by a section and
the other given by a cosection, up to Todd correction.
2.4.1. Consider the situation of §2.2. Suppose that the cosection α is fac-
tored through as a cosection αQ of a quotient vector bundle Q of E. Let
f : K ãÑ E be the kernel of the quotient map E Ñ Q. Let βK be a section
of K.
We consider the vector bundles on Y ˆA1 by the pullback of E, K under
the projection map. They will be denoted by same symbols E, K abusing
notation. If µ denotes the standard coordinate of A1, we have a commuting
diagram of homomorphisms of vector bundles on Y ˆ A1:
OYˆA1
pµβ,p1´µqβK q

βP
''❖
❖
❖
❖
❖
❖
❖
0 // K
pf,µidKq
// E ‘K //
pα,0q

P
αPww♦ ♦
♦
♦
♦
♦
♦
// 0
OYˆA1
and the induced section βP and cosecton αP of P . Here P is defined to be
the cokernel of pf, µidKq.
Note that P restricted to µ “ 0 is canonically isomorphic to Q‘K; and
P restricted to any nonzero µ is canonically isomorphic to E. Suppose that
ZpαP , βP q Ă X
1 ˆ A1 for some closed substack X 1 of Y .
Let E be a vector bundle on a DM stack B and let A be the zero locus
of a section of E . We denote by SpCAB
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A˚pBqQ Ñ A˚pCABqQ followed by the pushforward to A˚pE |AqQ under the
inclusion CAB Ă E |A.
Lemma 2.4. The following equality holds:
chYX1ptα, βuq X rV s “ tdpE|X1q
´1p´1qrankQi˚0
!
Q_|ZpβK,αQq
pSpCZpβK,αQqZpβKq
p0!K|ZpβKq
rCVXZpβKqV sqq
where i is the inclusion ZpβK , αQq ãÑ X
1.
Proof. Let p be the projection |K| Ñ Y . Note that
chYX1ptα, βuqrV s
“chYX1ptαQ, 0u b t0, βKuqrV s
“ch
|K|ZpβKq|
X1 ptp
˚αQ, 0u b t0, tKuqrCV XZpβKqV s
“ptdK|X1q
´1ch
ZpβKq
X1 ptαQ, 0uq ¨ 0
!
K|ZpβKq
rCVXZpβKqV s.
The first equality is from the homotopy invariance. Since a bivariant class
is compatible with Gysin maps (or the intersection products), we have the
homotopy invariance of the generalized localized Chern characters; see [11,
Corollary 18.1.1]. The second equality is the deformation to the normal
cone. The last equality is Proposition 2.3 (vi) of [19]. Finally using (2.1)
and the fact that tdE “ tdE_ ¨ pchpΛrankEE_qq´1 for a vector bundle E , we
conclude the proof. 
Corollary 2.5. If α, β are regular and X 1 “ ZpαQ, βKq, then
chYX1ptα, βuq “ p´1q
rankQtdpE|X1q
´1i!ZpαQ,βKqi
!
ZpβKq
,
where iZpαQ,βKq, iZpβKq are regular immersions of ZpαQ, βKq, ZpβKq into
ZpβKq, Y respectively.
Proof. This immediately follows from the definition of refined Gysin homo-
morphisms; see §6.2 of Fulton [11]. 
2.4.2. Consider the situation of §2.3.
Let W be an integral closed substack of |F | which is factored through
p´1pZpσqq, i.e. W Ñ p´1pZpσqq Ă |F |. Note that this means that p˚σ|W “
0. Hence by Proposition 2.3 (vi) of [19]
ch
Zpwσq
Zpσq ptp
˚σ, tF uq X rW s “ td
´1pF |Zpσqq ¨ 0
!
F |Zpσq
prW sq.(2.2)
LetW be an irreducible cycle of |F | which is not factored through p´1pZpσqq.
Following [13, 4], we consider the blow-up M 1 of M along Zpσq. Let F 1 be
the pullback of F to M 1, and let D be the exceptional divisor. On M 1 we
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obtain a short exact sequence of two-term complexes
0 // K //

F 1 //
σ1

OM 1p´Dq
sD

// 0
0 // 0 // OM 1 OM 1 // 0,
where σ1 is the pullback of σ and sD is the inclusion map of the ideal
sheaf OM 1p´Dq of OM 1 . This shows that locally pF
1, wσ1q is isomorphic to
p|K ‘OM 1p´Dq|, wsDq. Therefore we note that the proper transform W
1 of
W is contained in |K| since it is the case for generic points of W 1. By the
compatibility with proper pushforward Zpwσ1q Ñ Zpwσq, we have
ch
Zpwσq
Zpσq ptp
˚σ, tF uq X rW s “ b˚ch
|K|
Zpσ1qptpp
1q˚σ1, tF 1uq X rW
1s
where b : Zpσ1q “ D Ñ Zpσq and p1 : |F 1| ÑM 1 are the projections.
By Corollary 2.5 we conclude that
ch
Zpwσq
Zpσq ptp
˚σ, tF uq X rW s “ ´ptdE|Zq
´1 ¨ b˚pi
!
D ¨ i
!
M 1prW
1sqq(2.3)
where iD : D Ñ M
1 is the inclusion and iM 1 : M
1 Ñ |K| is the inclusion as
the zero section.
2.5. Cosection Localization. Consider the setup in §2.3. Kiem and Li
[13] defined the cosection localized Gysin map: 0!F,σ : A˚pZpwσqqQ Ñ
A˚pZpσqqQ, for an algebro-geometric understanding of a work of Lee and
Parker [16].
Theorem 2.6. 0!F,σ “ tdF |Zpσq ¨ ch
Zpwσq
Zpσq ptp
˚σ, tF uq.
Proof. The equations (2.2) and (2.3) exactly match with basic construction
determining the cosection localized Gysin map; see §2 of [13]. 
Let d : AÑ F be a complex of vector bundles on a DM stack M . Suppose
that its dual gives rise to a perfect obstruction theory relative to a pure-
dimensional stack M. Supposed that M Ñ M is representable. Consider a
cosection of F such that σ ˝d “ 0. Let C be the cone in F associated to the
relative intrinsic normal cone of M over M. Assume that the cosection has
a lift as a cosection of absolute obstruction sheaf. Then C is as a cycle, i.e.
set-theoretically, supported in Zpwσq by Kiem - Li [13, Proposition 4.3].
As the immediate consequence of Theorem 2.6 we obtain the following
corollary.
Corollary 2.7. The following holds:
rM svirσ :“ 0
!
F,σrCs “ tdF |Zpσq ¨ ch
Zpwσq
Zpσq ptp
˚σ, tF uq X rCs.
Corollary 2.8. (Chang, Li, and Li [4, Proposition 5.10]) Consider the setup
in §2.2. Suppose that Y is smooth. Let F “ E|Zpβq and σ “ α|Zpβq. Then
0!F,σrCZpβqY s “ tdE|Zpα,βq ¨ ch
Y
Zpα,βqptα, βuq X rY s.
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Remark 2.9. The difference between Theorem 2.6 and Corollary 2.8 is that
the latter assumes that Y is smooth. In section §3, we will need Theorem
2.6.
3. Comparisons of virtual classes
We apply the bivariant property of localized Chern characters to a com-
parison of virtual classes. In this section, let the base field k be the field of
complex numbers.
3.1. Conjecture. Let V1, V2 be vector spaces over k and let a reductive
algebraic group G act on V1 and V2 linearly. Fix a character θ of G such
that V ss1 pθq “ V
s
1 pθq, i.e. there is no strictly semistable points of V1 with
respect to θ. Let E :“ rpV ss1 pθq ˆ V2q{Gs, E¯ :“ rV1 ˆ V2{Gs, V1 ˆ V2 which
are vector bundles on stack quotients rV ss1 pθq{Gs, rV1{Gs, V1 respectively.
Fix w P ppSymě1V _1 q b V
_
2 q
G. The polynomial w induces sections s, s¯ of
E_, E¯_ and also regular morphisms f , w below:
E¯_

E_?
_oo

rV1{Gs
s¯
]]
rV ss1 pθq{Gs ,
? _oo
s
]] V1
f // V _2 ,
E
w
// A1 .
This is so-called a geometric side of a hybrid gauged linear sigma model; see
[7]. Let r be the dimension of V2, i.e. the rank of E. We require that the
critical locus Zpdwq of the function w is a smooth closed locus in the zero
section locus rV ss1 pθq{Gs Ă E
_ with codimension r. Note that canonically
Zpdwq “ Zpsq.
3.1.1. Tangent Complex of Zpfq. Let ε P Qą0. We consider the moduli
space Qεg,kpZpsq, dq of ε-stable quasimaps to Zpsq with type pg, k, dq where g
is genus, k is the number of markings, d P HompGˆ,Qq is a fixed curve class
(see [17, 9]). Here Gˆ is the character group of G. The stable quasimaps
to Zpsq are certain maps to the Artin stack Zps¯q, not necessarily to Zpsq.
The moduli space is a separated DM stack proper over the affine quotient
SpecpSymV _1 q
G. It comes with a canonical virtual fundamental class de-
noted by rQεg,kpZpsq, dqs
vir; see [9, 6].
Conventions: Let Mg,kpBG, dq be the moduli space of principal G-bundles
P on genus g, k-marked prestable orbi-curves C with degree d such that the
associated classifying map C Ñ BG is representable. The algebraic k-stack
Mg,kpBG, dq is smooth; see [9, 6]. Let P be the universal G-bundle on C
and let u : C Ñ P ˆG V1 be the universal section. Let pi be the universal
curve map Mg,kpBG, dq. Let V1 :“ PˆG V1 and V2 :“ PˆG V2. By abusing
notation, pi will also denote the universal curve on various moduli spaces
over Mg,kpBG, dq. For example, pi : C Ñ Q
ε
g,kpZpsq, dq denotes also the
universal curve and P denotes also the universal bundle on this C. Therefore,
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we may consider also Vi as a vector bundle on the universal curve over
C Ñ Qεg,kpZpsq, dq.
Consider a complex of cotangent bundles
V1 ˆ V2 “ f
˚ΩV _2
df
ÝÑ ΩV1 “ V1 ˆ V
_
1 ,(3.1)
Its dual restricted to the affine scheme Zpfq Ă V1 is the tangent complex of
Zpfq since it is a complete intersection scheme. By pulling back the dual of
(3.1) to the universal curve over Qεg,kpZpsq, dq and then pushforward by pi
we obtain
Rpi˚pu
˚pP ˆG df
_qq : Rpi˚V1 Ñ Rpi˚V
_
2 ;(3.2)
see the proof of Proposition 4.4.1 of [9]. The dual of (3.2) is the canonical
perfect obstruction theory for Qεg,kpZpsq, dq relative to Mg,kpBG, dq, defining
rQεg,kpZpsq, dqs
vir.
3.1.2. LG quasimaps. On the other hand, we may consider the moduli space
LGQεg,kpE, dq
1, for short LGQ1, of genus g, k-pointed, degree d, ε-stable
quasimaps to V1{G with p-fields; see [3, 10, 7]. Here by a p-field we mean
an element in H0pC,V2|C b ωCq, where C is a domain curve. Note here
that we use ω instead of ωlog which is used usually in gauged linear sigma
model ([10]). For simplicity, let us call LGQ1 the moduli of LG quasimaps
to E. (Due to twisting by ωC , an LG quasimap to E is not a map to E even
for larger enough ε.) Let L‚
LGQ1{Mg,kpBG,dq
denote the cotangent complex of
LGQ1 relative to Mg,kpBG, dq. By the same idea of [6], it is clear that LGQ
1
comes with a perfect obstruction theory
R‚pi˚pV1 ‘ V2 b ωCq
_ Ñ L‚LGQ1{Mg,kpBG,dq
relative to Mg,kpBG, dq. By [3, 10, 7] there is a cosection
dwLGQ1 : R
1pi˚pV1 ‘ V2 b ωCq Ñ OLGQ1 ,
where, by abusing notation, Vi :“ P ˆG Vi with P the universal G-bundle
on the universal curve C on LGQ1.
We recall the definition of dwLGQ1 . From the differential of w we may
consider k-linear map
dw : SymV1 b V1 Ñ V
_
2 ,
which induces
Rpi˚dw : SymRpi˚V1 b Rpi˚V1 Ñ Rpi˚V
_
2 .
Then for pu, pq P LGQ1, pu1, p1q P R1pi˚pV1 ‘ V2 b ωCq, we define
dwLGQ1 |pu,pqpu
1, p1q :“ RespH1pRpi˚dwqpexppuq b u
1q b p` p1 b fpuqq(3.3)
Here the residue map Res is the Grothendieck-Verdier duality pairing
R1pi˚V
_
2 b R
0pi˚pV2 b ωCq ‘ R
1pi˚pV2 b ωCq bR
0pi˚V
_
2 Ñ O.
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Example 1. For G “ Gm the multiplicative group, dwLGQ1 has the fol-
lowing explicit description: for pu1, p1q “ pu1i, p
1
jqi,j P R
1pi˚pV1 ‘ V2 b ωCq at
pu, pq “ pui, pjqi,j P R
0pi˚pV1 ‘ V2 b ωCq,
dwLGQ1 |pu,pqpu
1, p1q “ Resp
ÿ
i,j
u1i
Bfjpuq
Bui
b pj `
ÿ
j
p1j b fjpuqq
where i, j run for 1, ...,dim V1, 1, ...,dim V2, respectively, and f “ pfjqj.
Let a global vector bundle complex rF0 Ñ F1s represent Rpi˚pV1 ‘ V2 b
ωCq. Then induced from dwLGQ1 there is a cosection of F
1, which will be
denoted also by dwLGQ1 . The zero locus of the cosection dwLGQ1 , i.e. the
locus defined by the ideal sheaf ImpdwLGQ1q, coincides with Q
ε
g,kpZpsq, dq.
We can check this by considering (3.3) at test families of LG quasimaps to
E.
Let p : F1 Ñ LGQ1 be the projection. It can be shown that p˚dwLGQ1 ˝
tF1 “ 0 on the support of the relative intrinsic normal cone of LGQ
1 over
Mg,kpBG, dq; see [10]. In fact it will be shown later in Corollary 3.5 that
p˚dwLGQ1 ˝ tF1 “ 0 on the cone; see also (3.11) to check why the cosection
descends to that of the absolute obstruction sheaf. Hence by the cosection
localization method or equivalently by applying the localized Chern char-
acter of tp˚dwLGQ1 , tF1u to the obstruction cone in F
1 (see Corollary 2.7),
we obtain a virtual class rLGQ1svirdwLGQ1
supported in Zpp˚dwLGQ1 , tF1q “
ZpdwLGQ1q “ Q
ε
g,kpZpsq, dq. The latter space is proper over the affine quo-
tient SpeckrV1s
G; see [9].
According to Chang and Li [3]; and Fan, Jarvis, and Ruan [10], we expect
the following.
Conjecture 3.1. In A˚pQ
ε
g,kpZpsq, dqqQ,
rQεg,kpZpsq, dqs
vir “ p´1qχpV
_
2 qrLGQεg,kpE, dq
1svirdwLGQ1(3.4)
where χpV_2 q is the virtual rank of Rpi˚V
_
2 .
For a smooth quintic Zpsq in P4, a pioneering work of Chang and Li
[3, Theorem 1.1] shows that Conjecture 3.1 with k “ 0, ε ąą 0, and
d ą 0 holds true numerically, i.e. after passing to the singular homology:
A0pQ
8
g,0pZpsq, dqqQ Ñ H0pQ
8
g,0pZpsq, dq,Qq “ Q for d ą 0.
3.2. Proof of Conjecture. We prove Conjecture 3.1.
Theorem 3.2. Conjecture 3.1 holds true.
Remark 3.3. After an announcement of the above result, F. Janda told
the first author that he, Q. Chen, and R. Webb are working on a proof of
the conjecture using torus localization for cosection localized virtual classes
[2]. Later a paper of H. Chang and M. Li [5] appeared, showing the above
result when rV ss1 {Gs is the projective space with G “ Gm and Zpsq is a
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hypersurface. Their proof uses, among other things from the original proof
of H. Chang and J. Li [3] in a special case, the degeneration of ‘target’ E to
the normal cone CZpsqE . A similar degeneration appears also in our proof,
too; see U˜PQ and β in §3.2.3.
For easy notation, letB :“ Mg,kpBG, dq, X :“ Zpsq, Q
ε
X :“ Q
ε
g,kpZpsq, dq,
QεV1 :“ Q
ε
g,kpV1{G, dq; and let pi : C Ñ B be the universal curve.
3.2.1. Construction of φA1 , φ¯B1 . For simple notation, let V3 be the dual
vector space of V2. Let Sym
‹ denote a fixed range ‘
df
a“1Sym
a for some
positive integer df such that w P ‘
df
a“1pSym
aV _1 qbV3. Let f : Sym
‹V1 Ñ V3
be a linear map induced from w P Sym‹V _1 bV3. Combining with the natural
homomorphism nat we get
Sym‹Rpi˚V1
nat
ÝÝÑ Rpi˚Sym
‹V1
Rpi˚f
ÝÝÝÑ Rpi˚V3(3.5)
on B where V3 :“ V
_
2 . Here for the definition of Sym
‹ :“ ‘
df
a“1Sym
a
operator (in particular for two-term complexes), see §4.1 of [19]. We seek
for the cochain map realization of the above derived maps.
For some positive integer m0, let Op1q :“ pω
log
C
b pP ˆG Cθq
εqm0 whose
pullback to LGQ1 is pi-ample. We take an open substack of B˝ of B such
that the map LGQ1 Ñ B is factored through B˝ and where Op1q is still
pi-ample. We do the following construction over B˝.
We first take a pi-acyclic, locally free resolutions of V1 for large enough l
0Ñ V1
h
ÝÑ A1 “ pi
˚ppi˚pV
_
1 bOplqqq
_ bOplq Ñ B1 Ñ 0
where B1 is defined to the cokenel. This is an exact sequence of vector
bundles on the universal curve onB˝. There are the indued homomorphisms
Sym‹h : Sym‹V1 Ñ Sym
‹A1 and fV1 :“ P ˆG f : Sym
‹V1 Ñ V3. We
want to construct a pi-acyclic resolution V3 Ñ A3 Ñ B3 Ñ 0 of V3 with a
homomorphism Sym‹A1 Ñ A3 compatible with Sym
‹h, fV1 (see (3.6)). For
this construction, we consider the cokernel V 13 of
pfV1 ,´hq : Sym
‹V1 Ñ V3 ‘ Sym
‹A1.
Note that the induced map V3 Ñ V
1
3 is an inclusion of vector bundles.
The locally free sheaf V 13 of finite rank has pi-acyclic locally free resolution
0Ñ V 13 Ñ A
1
3 Ñ B
1
3 Ñ 0 by the same method above for a pi-acyclic resolution
of V1. Let us take A3 :“ A
1
3. Consider the map V3 Ñ A3 which is given by
the composition of inclusions V3 Ñ V
1
3 Ñ A3. This gives rise to a pi-acyclic,
locally free resolutions of V3
0Ñ V3 Ñ A3 Ñ B3 Ñ 0
where B3 is defined to be the cokernel. Note that B3 is pi-acyclic since A3 is
pi-acyclic. Now combining those two resolutions of V1, V3, we have a natural
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chain map of exact sequences
0 // Sym‹V1
Sym‹h
//
fV1

Sym‹A1 //
fA1

Coker1
fB1 |Coker1

// 0
0 // V3 // A3 // B3 // 0
(3.6)
where fA1 is the composition Sym
‹A1 Ñ V
1
3 Ñ A3; fB1 |Coker1 is determined
by fA1 ; and Coker1 is defined as the the quotient Sym
‹A1{Sym
‹V1.
Furthermore let us take A1 such that the natural map pi
˚pi˚A1 Ñ A1 is
surjective. This makes sure that Rpi˚Sym
‹V1
„
ÝÑ pi˚Sym
‹rA1 Ñ B1s. The
derived map (3.5) is realized as each individual natural map as below except
the dashed arrow.
Sym‹pi˚A1 //
nat

Sym‹´1pi˚A1 b pi˚B1 //
nat

Sym‹´2pi˚A1 b Λ
2pi˚B1 //
nat

¨ ¨ ¨
pi˚Sym
‹A1 //
“

pi˚pSym
‹´1A1 b B1q
pi˚B2
//
✤
✤
✤
pi˚pSym
‹´2A1 b Λ
2B1q //

¨ ¨ ¨
pi˚Sym
‹A1 //
pi˚fA1

pi˚pCoker1 “ KerpB2qq
pi˚fB1 |Coker1

// 0 //

¨ ¨ ¨
pi˚A3 // pi˚B3 // 0 // ¨ ¨ ¨
where B2 : Sym
‹´1A1bB1 Ñ Sym
‹´2A1bΛ
2B1 is the differential and ‹´1,
‹´ 2 denote the range of r0, df ´ 1s, r0, df ´ 2s, respectively. Here nat is the
natural map followed by projection. In below we will suppress projections
when those are obvious. Note that canonically Coker1 – KerB2. By taking
pi˚fB1|Coker1 ˝ nat, we obtain a OB˝-homomorphism
ϕB1 |pi˚V1 : Sym
‹´1pi˚V1 bB1 Ñ B3.
Here Bi :“ pi˚Bi. We want to find a lift of ϕB1 |pi˚V
ϕlocB1 : Sym
‹´1A1 bB1 Ñ B3
locally onB˝. Here Ai :“ pi˚Ai. Note that pi˚KerpB2q Ñ pi˚pSym
‹´1A1bB1q
is a locally split monomorphism since its cokernel is locally free. Hence
locally there is a dotted arrow making a quasi-isomorphism between the
middle two complexes.
We found that locally on B˝ there is ϕlocB1 fitting in a cochain realization
of Sym‹Rpi˚V1 Ñ Rpi˚V3:
(3.7) Sym‹A1 //
ϕA1

Sym‹´1A1 bB1 //
ϕloc
B1

Sym‹´2A1 b Λ
2B1 //

¨ ¨ ¨
A3 // B3 // 0 // ¨ ¨ ¨
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where ϕA1 is the global ϕA1 :“ pi˚fA1 ˝ nat restricted to the local chart.
We take a DM stack U ε which is an open substack of totA1 and Q
ε
V1
:“
Qεg,kpV1{G, dq is a closed substack of U
ε.
In below for a vector bundle S on B˝ and a B˝-stack M , we denote by
S|M the pullback of S to M . For each non-negative integer m, there is a
non-degnerate pairing
SymmA1 b Sym
mpA_1 q Ñ OB˝ ,
rv1 b ...b vms b rv
˚
1 b ...b v
˚
ms ÞÑ
ÿ
σPSm
v˚1 pvσp1qq...v
˚
mpvσpmqq
and hence an identification pSymmA1q
_ “ SymmpA_1 q. This gives
HomOB˝ pOB˝ , A3 bOB˝ pSym
‹A1q
_q
“ HomOB˝ pOB˝ , A3 bOB˝ pSym
‹A_1 qq
Ñ HomOB˝ pOB˝ , A3 bOB˝ pSymA
_
1 qq
“ HomOSpecpSymA_
1
q
pSymA_1 , A3 bOB˝ pSymA
_
1 qq
so that ϕA1 P HomOB˝ pOB˝ , A3bOB˝ pSym
‹A1q
_q will give rise to a section
ϕA1pexpptA1qq P H
0pU ε, A3|Uεq. Therefore (by a similar method) we may
define a section and a homomorphism
φA1 :“ ϕA1pexpptA1qq P H
0pU ε, A3|Uεq;
φ¯B1 :“ ϕB1 |pi˚V1pexpptV1q b ´q : B1|QεV1
Ñ B3|Qε
V1
.(3.8)
Define φlocB1 by ϕ
loc
B1
pexp ab´q for a P A1 at the local chart, extending φ¯B1 .
Lemma 3.4. The equality dA3 ˝ φA1 ´ φ
loc
B1
˝ dA1 ˝ tA1 “ 0 holds.
Proof. In the statement, the morphism dA1 is defined by dA1 : pi˚A1 “ A1 Ñ
pi˚B1 “ B1. The morphism dA3 is defined in the same way. The equality
means that dA3 ˝ ϕA1pexp aq “ ϕ
loc
B1
pexp a b dA1paqq for every a P A1. The
latter follows from the commutativity of the first square in diagram (3.7). 
3.2.2. Paring and Residue map. From now on in this section we will also
use notation that Q :“ A3 and P :“ B
_
3 . Let
UP :“ U
ε ˆB˝ totP, UPQ :“ UP ˆB˝ totQ Ă totA1 ˆB˝ totP ˆB˝ totQ.
Note that rP
dPÝÝÑ Q_s represents Rpi˚pV2 b ωCq. Here dP :“ ´d
_
Q due to
shifting. This yields the cochain map realization of Grothendieck duality
Rpi˚pV2 b ωCqr1s
„
ÝÑ RHompRpi˚V
_
2 ,OB˝q, which in turn gives rise to a
cochain map realization of Rpi˚pV2 b ωCqr1s bRpi˚V
_
2
Res
ÝÝÑ OB˝ as follows
P bQ

// P_ b P ‘Q_ bQ
pairing

// Q_ b P_

0 // OB˝ // 0.
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Note that for q P Q with dQpqq “ 0 and p P P , then the paring xdP ppq, qy “
´xp, dQpqqy “ 0. Hence taking cohomology level map of Res above we
conclude that the parings restricted to KerdP , KerdQ are the residue parings,
i.e. the following diagram commute
P_ bKerdP ‘Q
_ bKerdQ
paring //

OB˝
R1pi˚V
_
2 b R
0pi˚pV2 b ωCq ‘R
1pi˚pV2 b ωCq b R
0pi˚V
_
2
Res
33❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣❣
(3.9)
3.2.3. Set-up 1. Let
p : F :“ pB1 ‘Q
_ ‘Qq|UPQ Ñ UPQ
be a vector bundle on UPQ, defined via the natural map UPQ Ñ B
˝.
Let p˜ : F˜ Ñ U˜PQ be the pullback of F by the projection map U˜PQ :“
UPQ ˆ A
1 Ñ UPQ. We consider a section β of F˜ and a cosection σ of
F˜ |pQε
V1
ˆB˝totPˆB˝totQqˆA
1 defined by
β :“ pdA1 ˝ tA1 , λdP ˝ tP , φA1 ´ λtQq;
σ :“ xφ¯B1 ˝ prB1 , tP yP ` xidQ_ ˝ prQ_ , tQyQ ` x´dQ ˝ prQ, tP yP
“ xφ¯B1 ˝ prB1 ´ dQ ˝ prQ, tP yP ` xidQ_ ˝ prQ_, tQyQ(3.10)
where λ is the coordinate of A1, x , yP denotes the pairing P
_|U˜PQ bOU˜PQ
P |U˜PQ Ñ OU˜PQ and the similar one is for x , yQ.
Corollary 3.5. p˜˚σ ˝ tF˜ “ 0 on the stack CZpβqU˜PQ
Proof. Consider the local extension αloc of σ by replacing φ¯B1 with φ
loc
B1
.
Note that αloc ˝β “ xφlocB1 ˝dA1 ˝tA1´dQ ˝φA1 , tP yP which is zero by Lemma
3.4. Applying αloc ˝ β “ 0 to the deformation to the normal cone CZpβqU˜PQ
as in Lemma 2.1, we conclude the proof. 
We consider the composite dβ of maps TU˜PQ{B|Zpβq Ñ TF˜ {B|Zpβq Ñ F˜ |Zpβq
of the differential of β relative to B and the natural projection. Similarly
we have the composite dkβ : TU˜PQ{B|Zpβq Ñ TF˜ {B|Zpβq Ñ F˜ |Zpβq using the
differential of β relative to k and the natural projection. In the above proof
we have shown that αloc ˝β “ 0. Applying the chain rule to αloc ˝β “ 0, we
note that σ ˝ dkβ “ 0. Therefore σ restricted to F˜ |Zpβq is factored by some
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σ¯, σ˜ as in a following commuting diagram:
TU˜PQ{B|Zpβq
dβ //

F˜ |Zpβq //
“

Coker dβ
σ¯
{{

TU˜PQ{k|Zpβq
dkβ // F˜ |Zpβq //
σ
%%❑
❑❑
❑❑
❑❑
❑❑
❑
Coker dkβ
σ˜

OZpβq.
(3.11)
3.2.4. Surjectivity and K. On the other hand, as shown [8], we can see that
the perfect obstruction theory Rpi˚pu
˚pP ˆG df
_qq of (3.2) has an explicit
description on QεX :“ Q
ε
g,kpZpsq, dq as follows. For a vector bundle S on B
˝,
denote by S|Qε
X
the pullback of S to QεX . Then the obstruction theory is a
three-term complex at r0, 1, 2s
A1|Qε
X
pdA1 ,pi˚pfA1˝prodqpexp tV1b´qÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÑ B1|Qε
X
‘Q|Qε
X
φ¯B1´dQÝÝÝÝÝÑ P_|Qε
X
which is quasi-isomorphic to rA1|Qε
X
Ñ Ks where K is the kernel of the
surjection φ¯B1 ´ dQ on Q
ε
X . We explain the reason. First there is a natural
commuting diagram on the universal curve on B˝
Sym‹´1V1 b V1
prod

// Sym‹´1V1 bA1
prod

idbdA1// Sym‹´1V1 b B1

 v
))❘❘
❘❘❘
❘❘❘
❘❘❘
❘❘
Sym‹V1 //
fV1

Sym‹A1 //
fA1

Coker1
fB1 |Coker1

  // Sym‹´1A1 b B1
uu❦❦❦
❦❦❦
❦❦❦
❦❦❦
❦❦❦
❦
V3 // A3
dA3
// B3
where ‹ ´ 1 ranges from 1 to df ´ 1 and prod is the quotient map. Note
that the compositions gives rise to a pi-acyclic resolution of the complex
P ˆG df
_:
0 // V1|C
PˆGdf
_

// A1|C

// B1|C

// 0
0 // V3|C // A3|C // B3|C // 0
(3.12)
where C is the universal curve in QεX .
3.2.5. Set-up 2. We consider the Koszul complex tp˜˚σ, tF˜ u on CZpβqU˜PQ.
Note that tp˜˚σ, tF˜ u is exact off the zero locus of σ and β. This zero locus
is QεX ˆ A
1 because: tQ “ 0 by the second term of σ in (3.10); φA1 “ 0 by
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the third term of β and tQ “ 0; tP “ 0 by the first term in σ in (3.10) and
the surjectivity of φ¯B1 ´ tQ on Q
ε
X (see §3.2.4 for the surjectivity).
For λ P A1, let jλ : CZpβλqUPQ Ă pCZpβqU˜PQq|λ be the natural closed
immersion. Let p˜ : |F˜|Zpβq | Ñ Zpβq and pλ : |F|Zpβλq
| Ñ Zpβλq be projections.
Now we have
λ!ch
CZpβqU˜PQ
Qε
X
ˆA1
tp˜˚σ, tF˜ u X rCZpβqU˜PQs
“ch
CZpβqU˜PQ|λ
Qε
X
tp˚λσ, tF u X λ
!rCZpβqU˜PQs
“ch
CZpβqU˜PQ|λ
Qε
X
tp˚λσ, tF u X jλ˚rCZpβλqUPQs
“ch
CZpβλq
UPQ
Qε
X
tp˚λσ, tF u X rCZpβλqUPQs.(3.13)
Here the first equality follows by the fact that ch
CZpβqU˜PQ
QεpXqˆA1
tp˜˚σ, tF˜ u is a bi-
variant class so that it commutes with the refined Gysin homomorphism λ!;
the second equality follows from Lemma 3.6 of [8]; and the third equality
follows from the projection formula.
3.2.6. Proof. Case λ “ 1: First note that Zpβ|λ“1q
–
ÝÑ LGQ1 by a projec-
tion. Under this isomorphism, CZpβ|λ“1qUPQ – CLGQ1UP ˆB˝ Q as cones
over LGQ1; and σ¯|λ“1 in (3.11) coincides with dwLGQ1 ‘ 0 by (3.3), (3.8),
(3.9), and R1pi˚ of (3.12).
Therefore
(3.13)|λ“1 “ ch
CLGQ1UPˆB˝Q
Qε
X
ptp˚dwLGQ1 , tF1u bB˝ t0, tQuqrCLGQ1UP ˆB˝ Qs
“ ptdQ|Qε
X
q´1ch
CLGQ1LGU
ε
Qε
X
ptp˚dwLGQ1 , tF1uq X rCLGQ1UP s
“ ptdF |Qε
X
q´1 X rLGQ1svirdwLGQ1
where F1 :“ pB1‘Q
_q|LGQ1 . Here the first equality is explained above, the
second equality is by Proposition 2.3 (vi) of [19], and the third equality is
explained in §3.1.2.
Hence, to complete the proof, it is enough to show that (3.13) for λ “ 0
after multiplication by p´1qχpV
_
2 qtdF becomes LHS of (3.4).
Case λ “ 0: We have
Zpβ0q “ Q
ε
X ˆB˝ |P | ˆB˝ |Q|
CZpβ0qUPQ “ CQεXU
ε ˆB˝ |P | ˆB˝ |Q| Ă F |Zpβ0q.(3.14)
There is no constraint by β0 on the part |P | ˆB˝ |Q|. Hence this part lands
in the zero section of F |Zpβ0q.
By Lemma 3.4 the inclusion above (3.14) is the composition of
CQε
X
U ε ˆB˝ |P | ˆB˝ |Q| Ă q
˚
0K Ă F
where q0 : Zpβ0q Ñ Q
ε
X is the projection.
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Let m : CZpβ0qUPQ Ñ CQεXU
ε and p0 : CZpβ0qUPQ Ñ Zpβ0q be pro-
jections. On CZpβ0qUPQ, we obtain a commuting diagram of locally free
sheaves
OCZpβ0qUPQ
m˚tK
ww♥♥♥
♥♥
♥♥
♥♥
♥♥
tF

p˚0q
˚
0K
// p˚0pB1 ‘Q‘Q
_q
pφ¯B1´dQ,idQ_ q //
p˚0 σ

p˚0pP
_ ‘Q_q
p˚0 tautss❣❣❣❣❣
❣❣❣❣
❣❣❣❣
❣❣❣❣
❣❣❣❣
OCZpβ0qUPQ
where taut is the sum of the tautological paring of dual pairs p|P |, P_q and
p|Q|, Q_q. On CZpβ0qUPQ, we deform the complex tp
˚
0σ, tF u supported on
QεX to t0,m
˚tKu b tp
˚
0taut, 0u supported also on Q
ε
X . By this deformation
(3.13)|λ“0 becomes the following:
ch
CZpβ0qUPQ
Qε
X
pt0,m˚tKu b tp
˚
0taut, 0uq X rCZpβ0qUPQs
“ch
CZpβ0qUPQ
Qε
X
pt0,m˚tKu b Λ
‚pP_ ‘Q_q b ΛtoppP ‘Qqrtopsq X rCZpβ0qUPQs
“p´1qχpV
_
2 qtdpP ‘Qq|´1Qε
X
¨ chpΛtoppP ‘Qq|Qε
X
q ¨ ch
CQε
X
Uε
Qε
X
t0, tKu X risprCZpβ0qUPQsq
“p´1qχpV
_
2 qptdF |Qε
X
q´1 ¨ tdK ¨ ch
CQε
X
Uε
Qε
X
t0, tKu X risprCZpβ0qUPQsq
“p´1qχpV
_
2 qptdF |Qε
X
q´1 ¨ tdK ¨ ch
CQε
X
Uε
Qε
X
t0, tKu X rCQε
X
U εs
“p´1qχpV
_
2 qptdF |Qε
X
q´1 ¨ rQεX s
vir
where Λ‚pP_‘Q_q is the 2-periodic Koszul-Thom complex, top means the
rank of P‘Q, and ris is the canonical orientation of i : CQε
X
U ε Ă CZpβ0qUPQ
the inclusion. The first equality is from (2.1). The second equality is from
[19, Proposition 2.3 (vi)]. The third equality is from the easy fact that
tdE “ tdE_ ¨ pch detE_q´1 for a vector bundle E. The fourth equality from
that risprCZpβ0qUPQsq “ rCQεXU
εs. The last equality is from Corollary 2.2.
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